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§1. Introduction
It is well known that the equidistribution properties of the Farey series is deeply con-
nected with the Riemann Hypothesis. In Fujii [7], we have extended Franel [6] and Landau
[26]. We shall continue it and give a further study on this subject. We shall give some
criterion of the Riemann Hypothesis in terms of the Farey series.
For any integer Q ≥ 1, we denote by FQ the ascending sequence of the fractions





(ai, qi) = 1 and 1 ≤ ai ≤ qi ≤ Q, where we put




with the Euler function ϕ(n). FQ is called the Farey series of order Q. It is well-known
that the Möbius function μ(n) can be expressed as the exponential sum over the reduced







It is also well-known that the Riemann Hypothesis is equivalent to the statement that∑
n≤X
μ(n)  X 12 +ε






√−1fi  Q 12 +ε
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for any positive ε, where we notice that
A = 3
π2
Q2 +O(Q(logQ) 23 (log logQ) 43 ) (cf. Walfisz [36]) .
Namely, the equidistribution properties of the Farey series is deeply connected with the
Riemann Hypothesis.
We recall some of the equidistribution properties of the Farey series. We notice first
that the Farey series is uniformly distributed mod 1 as Q → ∞ (cf. pp. 93–94 of Polya-
Szegö [33], p. 136 of Kuipers-Niederreiter [24] and Theorem 1 in Mikolas [29]). More































































1 − α ·A = O(Q logQ) ,





























we see that the generating function for this Weyl’s sum is






















with some positive constant C.

















The distribution of {αn} − 12 depends heavily on the Diophantine properties of α. Since
not so much attentions have been paid to this problem, we may touch some of the known
results concerning this problem.
Let ψ be a non-decreasing positive function defined at least for positive integers. α(>
0) is said to be of type < ψ (Cf. p. 121 of Kuipers and Niederreiter [24]), if
q ‖ qα ‖≥ 1
ψ(q)
for all integers q ≥ 1 ,



















The last result was shown long before by Hardy-Littlewood [16] and Ostrowski [32].
When D(≥ 1) is square free, ≡ 2 or 3 (mod 4) and α = √D or 1√
D
, Hecke [18] gave
a proof of the meromorphic continuation of Zα(s) to the whole complex plane and showed
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log ηD +O(X−1+ε) ,
where A1, A2, A3 and Cm are some constants, Cm = O(| m |−2+ε) for m 	= 0 and ηD
is the fundamental unit of the number field Q(
√
D) or the square of it. Extending Hecke,



















log ηD +O(X− 13 +ε) ,







+G2(α)+ . . . ,
C
′
m = O(| m |−
4
3 +ε) form 	= 0 and ηD is the same as above. We have further obtained the
explicit expressions ofG1(α) andG2(α) in terms of the continued fraction expansion of α.
For example, we have for any integer k = 2, 3, 4, . . .
G1
(√




















2, (B,B2 − B))ρ2((B − 1, B))
















k2 + 4k − k)+ 1
4
,
where we putB = 12 (
√
k2 + 4k+k+2), Γ2 is the Barnes double Γ -function (cf. Barnes
[1]) and the positive constant ρ2((w1, w2)) is defined by








(a +mw1 + nw2)−s |s=0)+ log a
)
.
Using some properties of Zα(s), we can show in the same manner as in pp. 246–248
of Fujii [10] the following results, among others.
(i) Suppose that α(> 0) is an irrational number of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers and satisfies ψ(y)  yδ
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1 − α ·A = O(Q 12 +ε) for any ε .
(ii) Suppose that α(> 0) is an irrational number of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers and satisfies ψ(y)  yδ
for any δ > 0. Suppose further that Zα(s) and ζ(s) have no common zeros in the critical




1 − α · A = O(Q 12 +ε) for any ε .
We notice that the equidistribution property of the Farey series has been further inves-









1 − β ·A = O(Q 32 +ε)
for any ε, where āi is the solution of the congruence
aiāi ≡ 1 (mod qi) .
More generally, it was shown in Fujii [11] that for any 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 and for any






1 − αβ · A = O(Q 32 +ε) .










√−1 aim+āi nqi =
∑
q≤Q
S(m, n, q) ,
where S(m, n, q) is the Kloosterman sum defined by







for an integer q ≥ 1, for integers m and n satisfying m2 + n2 	= 0 and ā satisfying
aā ≡ 1(mod q). Thus we see that the generating function for this Weyl’s sum is is the
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 X 16 +ε ,









√−1 aim+āi nqi = O(Q 76 +ε)
for any positive ε.
Next, we turn to the average behavior of the remainder term of the uniform distribu-
tion. Franel [6] and Landau [26] showed that the average behavior of the remainder term
is connected with the Riemann Hypothesis. It was shown that the Riemann Hypothesis is






































for any positive ε.
Franel’s result has been extended further as follows, for example. Huxley [20] has



























for any positive ε.
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If we replace the Möbius function by the von Mangoldt function Λ(n), then it is also
classical that a necessary and sufficient condition for the Riemann Hypothesis is∑
n≤X
Λ(n) = X +O(X 12 +ε)
for any ε, where
Λ(n) =
{
logp if n = pk with a prime p and an integer k ≥ 1
0 otherwise .
This can be also restated in terms of the Farey series. In fact, Fujii [7] has shown that the







































for any positive ε.
Now the purpose of the present article is to extend Franel-Landau’s results in another
direction as follows. Let K be an integer ≥ 1. Let BK(x) be the unique polynomial of
degreeK with the property that ∫ x+1
x
BK(t) dt = xK.
BK(x) is called K-th Bernoulli polynomial (cf. p. 100 of Edwards [5]). We know that
B1(x) = x − 1
2
,
B2(x) = x2 − x + 1
6
,





and so on. We define also
B̄K(x) = BK({x}) .
Thus
B̄1(x) = {x} − 1
2
.
Under these notations, we shall notice first the following theorem.
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THEOREM 1. Let Q be an integer ≥ 1. Let K be a given integer ≥ 1 . Let b(n) be
a given sequence of complex numbers satisfying b(1) 	= 0 and b(n)  1 for any integer








for any positive ε, where the constant involved in  may depend on K and ε.
Applying this, we get the following theorem on the value distribution of∑
dn≤Q
μ(d)B̄K(fj n)b(n)
at the Farey series α = fj .
THEOREM 2. Let Q be an integer ≥ 1. Let K be a given integer ≥ 1. Let b(n) be
a given sequence of complex numbers satisfying b(1) 	= 0 and b(n)  1 for any integer










for any positive ε, where the constant involved in  may depend on Kandε.
We shall give some typical examples, where one can see the statement more con-
cretely.
EXAMPLE 1. When K = 1 and b(n) = 1 for all n ≥ 1, then we see that
j
A


















































Thus Theorem 2 implies Franel’s result stated above.
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EXAMPLE 2. When K = 2 and b(n) = 1
n



























Hence, we get the following corollary.





















for any positive ε.










































































Consequently, we get the following corollary.
























for any positive ε.
For the Dirichlet L-functions, we get the following theorems using the same analysis.
THEOREM 3. Let Q be an integer ≥ 1. Let K be a given integer ≥ 1. Let b(n) be
a given sequence of complex numbers satisfying b(1) 	= 0 and b(n)  1 for any integer
n ≥ 1. Then the Generalized Riemann Hypothesis for a Dirichlet L-function L(s, χ) with








for any positive ε, where the constant involved in  may depend on K, ε and q .
THEOREM 4. Let Q be an integer ≥ 1. Let K be a given integer ≥ 1 . Let b(n) be
a given sequence of complex numbers satisfying b(1) 	= 0 and b(n)  1 for any integer
n ≥ 1. Then the Generalized Riemann Hypothesis for a Dirichlet L-function L(s, χ) with










for any positive ε, where the constant involved in  may depend on K, ε and q .














































Hence we get the following corollary.
COROLLARY 3. The Generalized Riemann Hypothesis for a Dirichlet L-function
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This should be compared with Huxley’s result mentioned above.
Furthermore, we can consider the distribution of the Farey series whose denominators
are restricted to be in some fixed arithmetic progressions. Let q be an integer ≥ 1 and let a
























































1 if a ≡ 1 (q)
0 otherwise .









Concerning this problem, we can prove, more generally, the following theorem.
THEOREM 5. Let q be an integer ≥ 1. Let Q be an integer ≥ 1. Let K be a given
integer ≥ 1. Let b(n) be a given sequence of complex numbers satisfying b(1) 	= 0 and
b(n)  1 for any integer n ≥ 1. Then the Generalized Riemann Hypothesis for all Dirichlet










holds for all integer a in 1 ≤ a ≤ q satisfying (a, q) = 1 and for any positive ε, where the
constant involved in  may depend onK, ε, a and q .
Applying this, we can also prove the following theorem.
THEOREM 6. Let q be an integer ≥ 1. Let Q be an integer ≥ 1. Let K be a given
integer ≥ 1. Let b(n) be a given sequence of complex numbers satisfying b(1) 	= 0 and
b(n)  1 for any integer n ≥ 1. Then the Generalized Riemann Hypothesis for all Dirichlet











holds for all integer a in 1 ≤ a ≤ q satisfying (a, q) = 1 and for any positive ε, where the
constant involved in  may depend onK, ε, a and q .












i=1,fi= aiqi ∈FQ,qi≡a (q)
1 − fj
A∑




we get the following consequence which corresponds to Franel’s theorem for the Riemann
zeta function when q = 1.
COROLLARY 4. Let q be an integer ≥ 1. Let Q be an integer ≥ 1. Then the Gener-
alized Riemann Hypothesis for all Dirichlet L-function L(s, χ) with a Dirichlet character






i=1,fi= aiqi ∈FQ,qi≡a (q)
1
∑A






holds for all integer a in 1 ≤ a ≤ q satisfying (a, q) = 1 and for any positive ε, where the
constant involved in  may depend on ε, a and q .
We see easily that Corollary 4 is equivalent to Huxley’s result mentioned above. The-
orem 1 corresponds to Theorem 5 for q = 1 and Theorem 2 corresponds to Theorem 6 for
q = 1.
We shall prove Theorem 5 in the next section. We shall prove Theorem 6 in the
section 3. In the section 4, we shall give some supplemental remarks. We shall omit the
proofs of Theorems 3 and 4 and Corollary 3, since they can be proved in the same manner
as Theorems 5 and 6.
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§2. Proof of Theorem 5
Let q be an integer ≥ 1. Let a be an integer in 1 ≤ a ≤ q satisfying (a, q) = 1. We
put for any positive α,









Then we have first∫ 1
0























































































B0(x) = 1 .











n − 1) .
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Hence, we get forK = 1∫ 1
0


































































































K!(e2πi 1n − 1) ,
where we put
Bn = 0 for an odd integer n ≥ 3
and
Bn = Bn(0) = Bn(1) for an even integer n ≥ 2 .
Thus we get forK ≥ 2∫ 1
0








































K!(e2πi 1n − 1)}





















































K!(e2πi 1n − 1)}






Thus we get first for any K ≥ 1,
| M(Q; a, q) |2
∫ 1
0
| FK(α; a, q) |2 dα .
Thus if we assume ∫ 1
0
| FK(α; a, q) |2 dα  Q1+ε,
then we get
M(Q; a, q)  Q 12 +ε.






χ(a)M(Q : a, q)  Q 12 +ε .
Consequently, we get the Generalized Riemann Hypothesis for all L(s, χ) with a Dirichlet
character χ mod q .
On the other hand, since




































we get by Franel-Kluyver formula (cf. (2) on p. 71 of Wilson [38])∫ 1
0























































where cc̄ ≡ 1 (q) and rr̄ ≡ 1 (q). Thus if we assume the Generalized Riemann Hypothesis
for all L(s, χ) with a Dirichlet character χ mod q , then we get for all (a, q) = 1,∫ 1
0









Thus we have proved Theorem 5.
§3. Proof of Theorem 6

















where we suppose that a0
q0
= 01 and aA+1qA+1 =
Q+1
Q
. We remark the following lemma.
LEMMA. If α ∈ Ii , then we have
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(Proof)
Suppose first that α ∈ Ii and α ≥ fi . We put δ = α − fi . Then
0 ≤ δ ≤ ai + ai+1




qi(qi + qi+1) <
1
qiQ
and for n ≤ Q,










> 1 − {fin} ≥ 1
qi
.
This gives a contradiction. Hence we have {fin} + {δn} < 1 and consequently
{αn} − {fin} = {fin+ δn} − {fin} = {δn} .
Thus we have
0 ≤ {αn} − {fin} < n
qiQ
.
Suppose next that α ∈ Ii , α < fi and qi 	| n. We put δ′ = fi − α. Then
0 ≤ δ′ ≤ ai
qi
− ai + ai−1
qi + qi−1 =
1
qi(qi + qi−1) <
1
qiQ
and for n ≤ Q,












{αn} − {fin} = {fin− δ′n} − {fin} = −{δ′n} .
Thus we get
| {αn} − {fin} |=| −{δ′n} |< n
qiQ
.
Thus if α ∈ Ii , then we have















































This proves our lemma.
Since Ji ⊂ Ii , we get first, by applying Lemma,
A∑
i=1





















| FK(α; a, q) |2 dα .
On the other hand, we get, by applying Lemma again,∫ 1
0
































| FK(fi; a, q) |2 +Q log2Q.
We suppose that qi < 14Q. To treat this case, let
l
k
be the fraction next below fi = aiqi
which belongs to the Farey series F[ 34Q] of order [
3
4Q] and we put
gr = gr (fi) = l + rai
k + rqi
for 0 ≤ r ≤ J + 1 = J (fi)+ 1 = [Q−kqi ] + 1. Then since
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We notice also that for 0 ≤ r ≤ J ,






and that gr belongs to the Farey series FQ of orderQ for 0 ≤ r ≤ J = [Q−kqi ].
Now for any r in 0 ≤ r ≤ J = [Q−k
qi
], we have




(FK(gh+1; a, q)− FK(gh; a, q)) .
Hence
| FK(fi; a, q) | ≤| FK(gr ; a, q) | + | FK(fi; a, q)− FK(gr ; a, q) |




| FK(gh+1; a, q)− FK(gh; a, q) |




| FK(gr+1; a, q)− FK(gr ; a, q) | .
We shall treat first | FK(fi; a, q)− FK(gJ+1; a, q) |. Since








we have for n ≤ Q,
0 ≤ (fi − gJ+1)n = n














it cannot happen that
{fin} < {(fi − gJ+1)n} .
Hence we have for qi 	| n
{fin} ≥ {(fi − gJ+1)n} .
Consequently, we have for qi 	| n
{gJ+1n} = {fin− (fi − gJ+1)n} = {fin} − {(fi − gJ+1)n}
and



























To treat the other sums, we put
g̃ r = 2l + (2r + 1)ai
2k + (2r + 1)qi
for r = 0, 1, 2, . . . , J . Then we have
J∑
r=0
| FK(gr+1; a, q)− FK(gr; a, q) | ≤
J∑
r=0




| FK(g̃r ; a, q)− FK(gr ; a, q) | .




k + rqi n
}
≤ 1 − 1
k + rqi .
And that for n ≤ Q,
{(g̃r − gr )n} =
{(
2l + (2r + 1)ai







(k + rqi)(2k + (2r + 1)qi)n
<
n
(k + rqi)2k <
n
(k + rqi)Q ≤
1
k + rqi .
Hence we have for n ≤ Q
{grn} + {(g̃r − gr )n} < 1
and
{g̃ rn} = {grn} + {(g̃r − gr )n} .
Consequently, we get








| {(g̃r − gr )n} || b(n) | Q logQ
k + rqi












Finally, we shall treat the sum
J∑
r=0
| FK(gr+1; a, q)− FK(g̃r ; a, q) | .
For n ≤ Q, we have
0 ≤ (gr+1 − g̃ r )n =
(
l + (r + 1)ai
k + (r + 1)qi −
2l + (2r + 1)ai




(k + (r + 1)qi)(2k + (2r + 1)qi) <
1




l + (r + 1)ai
k + (r + 1)qi n
}
≥ 1
k + (r + 1)qi ,
unless k + (r + 1)qi | n. Hence if k + (r + 1)qi 	| n, we have


























Combining all of these, we get
| FK(fi; a, q) |≤ | FK(gr (fi); a, q) | +Q logQ
qi
and








To each fi with qi < 14Q, there corresponds a sequence g0(fi), . . . , gJ (fi)(fi) which
belong to FQ. In the interval
[g0, fi) ,
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| FK(fi; a, q) |2 +Q log2Q.
Hence, we get∫ 1
0


















|FK(fi; a, q) |2 Q2 log3Q+Q2
∫ 1
0




| FK(fi; a, q) |2 +Q3 log2Q.
This together with Theorem 5 implies Theorem 6.
§4. Concluding Remarks
4.1. As is seen in the proofs of Theorems 5 and 6, it is enough to assume, in the
statements of Theorems 1, 2, 3, 4, 5 and 6, that b(n) satisfies
b(1) 	= 0 and b(n)  nη for any η > 0 .
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This gives the following result.
COROLLARY 5. Let Q be an integer ≥ 1. Let K be an integer ≥ 1. Then the














for any positive ε, where the constant involved in  may depend on K and ε.













It implies the following result.
COROLLARY 6. Let Q be an integer ≥ 1. Let K be an integer ≥ 1. Then the


















for any positive ε, where the constant involved in  may depend on K and ε.










































































for any positive ε. This is what we have mentioned in the introduction.
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